Let R be a prime ring of characteristic different from 2, f : R → R a non-zero additive mapping on R, such that f (xy) = f (x)y + f (y)x. We prove that if [f (x), f (y)] = 0 for all x, y ∈ R, then R must be commutative.
Introduction
In this paper we study a prime ring R with an additive mapping which satisfies a commutativity condition on R. More precisely, let R be a prime ring with center Z(R) and let S be a subset of R, we say that a mapping F : R → R is commuting on S if [F (x), x] = 0, for any x ∈ S, moreover the map F is said to be centralizing if [F (x) , x] ∈ Z(R), for any x ∈ S. In all that follows we will denote by C the extended centroid on R. C is the center of the Martindale quotients ring of R. All that we need about C is that it is a field, under the assumption that R is a prime ring. Moreover ax = xa, for all x ∈ R, a ∈ C. In [5] Posner proved that R is commutative if it admits a non-zero centralizing derivation. This well known result was the starting point of a number of papers concerning the study of such mappings. One might wonder what can be said about the relationship between an additive map
for all x in a suitable subset S of R. When F is a derivation we say that q(x) is a quadratic central differential identity on S. The study of such kind of identities of prime rings was given by Lanski. In [3] 
where F is an additive map on R and d is a derivation of R. In case R has characteristic different from 2, they proved that there exist λ ∈ C and an additive map μ :
This paper is motived by the previous cited results. More precisely we will prove the following results: 
Main Results
In all that follows let R be a prime ring and f : R → R be a non-zero additive mapping on R, such that f (xy) = f (x)y + f (y)x for all x, y ∈ R. We begin with the following useful Lemma:
Lemma 2.1 R does not contain any non-zero square-zero element.
Proof. Suppose that there exists 0 = a ∈ R such that a 2 = 0. Denote I = {y ∈ R : ya = 0}. I is a non-zero left ideal of R. For all y ∈ I, 0 = f (ya) = f (y)a + f (a)y. Thus, for any r ∈ R 0 = f (ry)a + f (a)ry = f (y)ra + f (a)ry.
(
Replace in (1) r by ry, x ∈ I, and get f (a)rxy = 0, which is either f (a) = 0 or xy = 0 for any x, y ∈ I. If f (a) = 0, from (1) we have f (y) = 0, for all y ∈ I, and so (0) = f (RI) = f (R)I, that is f (R) = (0), a contradiction.
Let xy = 0, for all x, y ∈ I. Again from (1), by right multiplying by x ∈ I, 0 = f (ry)ax = f (y)rax, that is either f (y) = 0 or ax = 0, for all x ∈ I. In the first case, as above, we have the contradiction f (r) = (0). In the second one, since I is a non-zero left ideal, we get that contradiction a = 0.
Therefore R does not contain any non-zero square-zero element.
Lemma 2.2 If
Proof. Suppose by contradiction that R is not commutative. Let x, y, z any elements of R. By our assumption we have that
Thus, for any r
. In any case we have a contradiction, since we suppose f = 0 and R non-commutative.
Replace x with xr in (2):
In particular, choose z ∈ R and substitute y = f (z). As a consequence we get:
Since R is prime, Z(R) cannot contain any zero-divisor element, then [y, f (y)] = 0. In other words we have two cases: either f 2 (x) = 0, for all x ∈ R, or [y, f (y)] = 0, for all y ∈ R. Suppose that f 2 (x) = 0, for all x ∈ R. In particular 0 = f (f (xy)) = f (y)f (x) + f (x)f (y) = 2f (x)f (y). Since char(R) = 2, we have f (x)f (y) = 0 for all x, y ∈ R and by Lemma 2.1, since R cannot contain non-zero squarezero elements, we have that f (x) = 0, that is f (R) = (0), a contradiction. Thus R must satisfy [x, f (x)] = 0 and we conclude, by Lemma 2.2, that R is commutative.
